SYDNEY BOYS HIGH SCHOOL
MOORE PARK, SURRY HILLS

2004

TRIAL HIGHER SCHOOL
CERTIFICATE EXAMINATION

Mathematics Extension 2

General Instructions Total Marks - 120 Marks
* Reading time — 5 minutes. » Attempt Sections A-C
* Working time — 3 hours. » All questions are NOT of equal
»  Write using black or blue pen. value.
» Board approved calculators may
be used.
» All necessary working should be
shown in every question if full marks Examiner: E. Choy

are to be awarded.

» Marks mayNOT be awarded for mes
or badly arranged work.

* Hand in your answer booklets 3n
sections.
Section A (Questions 1 - 3),
Section B (Questions 4 - 5) and
Section C (Questions 6 - 8).

e  Start each section inNEW answer
booklet.

This is an assessment task only and does not ritgssflect the content or
format of the Higher School Certificate.



Total marks — 120
Attempt Questions 1 — 8
All questions are of equal value

Answer each section in a SEPARATE writing bookiettra writing booklets are available.

SECTION A (Use a SEPARATE writing booklet)

Question 1 (15 marks)

(@)
(i)
(i)
(i)
(b)
(i)
(if)
(©) ()
(i)
(d)

Evaluate
R ax

Jo \/4—X2
rl

V4-x2 dx
0

r2
X2 — X dx
-1

Evaluate
2 2X

J ? dx
1 e - 1

JZ 1
—— dx
o 4+5sinx

Iy

4
If 1, :J tar’"xdx , n>0, show thatl +1_, =

0

4
Hence, evaluat{ tan®x dx
0

e

EvaluateJ’ xIn (xz) dx

1
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Question 2 (15 marks) Marks
(@) 0] Sketch on the same axes the graphs 2
y=x+3 andy=2|4.

(i)  Hence or otherwise:

(@)  Solve forx, 2|x <x+3. )
2|X 3
(B)  Sketch the curvey :L_
X+3
3
Let f(X)=——.
(b) (==

On separate diagrams sketch the graphs of tloeviah:

M y=1(x) 2
(i) ¥y =1 3
iy y=e'™ 3
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SECTION A continued

Question 3 (15 marks)

(@)

(ii)

(iii)

(iv)

(b) ()

(ii)

(©)

(ii)

d 0

(ii)

If z=-1+iJ3 andw= Zcisg
Find |z|
argz.

Expres= in the formrcisé.

Expressz® +w? in the formrcisé.

Expressy5-12 in the forma+ib.

Hence describe the locus of the point whiepresentg on the
Argand diagram if

|72 ~5+14| =]z~ 3+ 2

The origin and the points representing thememnumbersz,

1 and z+1 are joined to form a quadrilateral.
z z

Write down the conditions farso that the quadrilateral will be

a rhombus;

a square.

Find the equation and sketch the locuz ibf
|z=i|=1m(2)

Find the least value adrgz in (i) above.

END OF SECTION A
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SECTION B (Use a SEPARATE writing booklet)

Question 4 (15 marks) Marks
(a) 3-i is a zero ofP(2) = 22 - 4z° - 2z+m, wheremis a real 3
number.
Findm.
(b) If a, B andy are the roots ok’ + px+q =0, find a cubic 3

(©)

(d)

()
(ii)

equation whose roots atg’, 5° and y°.

Given a real polynomiaQ(x) , show that ifa is a root of 3
Q(X)—x=0, thena is also a root o)(Q(x)) —x=0.

Use the following identity to answer the falimg questions.
cos¥ = 16cosd- 20cé9+ 5cb:

Solve16x’ - 20k + 5 = (

Hence show that 3

3T 7T 9r 5
coS—=—
10 10 10 10 1¢
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SECTION B continued

Question 5 (15 marks)

(@)
(i)
(ii)
(b)y ()
(ii)
(©)
(d)
(e)
(i)
(ii)

Let z=cos@+i sind, show that
Z"+7" =2co:n@

Z2"-7"=2isinnd

Show that for any integdrthat

ot bt ]

Hence simplify the following products

(a) {z—[cosl—nisin]lﬂ{z—( cos7£+i sigﬂﬂ
PR 2 2

®) {z—(cose’—”ﬂsingﬂmz—( coSt +i sinszﬂ
2 2 2 2

Using the results of (b) above, factorige+1 into 2 real
quadratic factors.

Using (a) and (c) above, prove the identity

cos¥ = 2cos6-

The complex numberg=x+iy, z =-x+iy and z, = 2 are
z

represented by the poirfes B, and P, in the Argand diagram
respectively.

Show thatO, P, and P, are collinear wher® is the origin.

Show thatOP, xOP, = 2

END OF SECTION B
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SECTION C (Use a SEPARATE writing booklet)

Question 6 (15 marks) Marks

(@)

(b)

(ii)

()
(ii)

(iii)

A particle of masmis projected vertically upwards with a
velocity of u ms™, with air resistance proportional to its
velocity.

Show that after a timeseconds, the height above the ground is 4

-9 (en)-

k
wherek is a constant anglis the acceleration due to gravity.

At the same time another particle of mass released from rest, 4
from a heighth metres vertically above the first particle. You
may assume that at tih@econds, its distance from the ground is
given by:
_ g k) _ Ot
=h+=(1-e° )=
% (1-e*) %

K2

Show that the two particles will meet at timahere

T=1In( u }
k u-kh

A vehicle of mass moves in a straight line subject to a
resistanceP + Qv°, wherev is the speed arfdandQ are
constants withQ >0.

Form an equation of motion for the accelenmaiid the vehicle. 1

Hence show that iP =0, the distance required to slow down 3

from speed2 to speedJ is mIn (Ej :
2 Q (2

Also show that ifP >0, the distance required to stop from speed3
U is given by

D:/Hn(1+kU2)

wherek and A are constants
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SECTION C continued

Question 7 (15 marks) Marks
B

AL - e C
I w
I
I

T
I

H | T

The diagram above shows a solid with a trapeztidséEDTH

of lengthb metres.

The front endHTSR is a square with side lengéhmetres.

The back is the pentag@®BCDE which consists of the rectangle
ACDE with length 2 metres and width metres, surmounted by
the equilateral trianglaBC.

Consider a slice of the solid, parallel to thenfrand the back,

with face formed by both the trapezildhMN and the rectangle
KNQP, which has thicknesA x and is at a distancemetres

from HT.

Question 7 continued on page 9
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Question 7 continued Marks

() Show that the heighBW, of the equilateral triangleBC is J3a 2

metres.
Top View B Base of Solid
2a
E I " I D
b
= 10
X
1] [ 1]
L1} 1 T
<—a—>

(i)  Given that the perpendicular height of thapeziumKLMN is h 3
metres ieVU = h, use the similar triangle®NF andVUF, in the
Top View, to findh in terms ofa, b andx.

(i)  Given that the triangleBLM andBRS are similar, show that 3
LM = a(b—-x)
b
(iv)  Using the cross section of the base, findl&mgth ofPQ in 3

terms ofa, b andx.

(v)  Find the volume of the solid. 4

Question 8 starts on page 10
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SECTION C continued

Question 8 (15 marks) Marks
€) If a>0, b>0 anda+b=t show that 3
1. 1_4
>
a bt
(b) There aren (n>1) different boxes each of which can hold up to

(ii)

(iii)

(iv)

(©)

()
(ii)

n+2 books. Find the probability that:

No box is empty when different books are put into the boxes at 1
random.

Exactly one box is empty whandifferent books are put into the 2
boxes at random.

No box is empty whem +1 different books are put into the 2
boxes at random.

No box is empty whem+ 2 different books are put into the 2
boxes at random.

PQRSis a cyclic quadrilateral such that the si€} QR, RS
andSP touch a circle af, B, C andD respectively.

Prove that:

AC is perpendicular t&D. 2
Let the midpoints oAB, BC, CD andDA beE, F, G andH 3
respectively.

Show thatE, F, G andH lie on a circle.

End of paper
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STANDARD INTEGRALS
( n 1 n+1 H
X'dx=—x"", nz-1, xz0,ifn<0
n+1
1
—dx=Inx, x>0
X
eaxdleeax, az0
a

[ 1 .
cosaxdx=— simx ,az 0
a

(. 1
sinaxdx=—-=cosax ,a#z 0
a

sed axdx=1 tarax |,
a

secax tanaqxdx-1 seax aZz O
a

1 1. X
———dx==tan"=,a# 0
a+x a a

Jli
J Te—at In(x+m),x>a>0
J' 1 In(x+m)

JxE +a? >
NOTE: Inx=log, x, x>0

dx=sin*=,a>0,-—a<x<a
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Section A
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Section B
Brcsten 1
(5“1)3*4(3*()1- ;z(;ii) +Mm =0
= 13261 =342 - b 420 + wm =0
> (m-20) +i(e) =0

¢

L. Nz Ao

(b) Q%/vuwf \,GJC/L&(J‘LEW\ o P((x) = (&)IZJFP‘E R

@ pls-0)

H

w {X + pdx

Y
S [x&apx] =Ll

- vc” + 2pxx+ p’Lx - C\/L e,
c;) . .
( H((X n o mﬂ = @,(«7&)*0(=0
w B(x) =«

New Q[@@C)]—Oi - Q[_uc] -

- 0( ~o<

W%Q(?():"(
= O

(d)G) Jok 2= o0 D s50= L - 20x +5x =0

New (o030 =0
= 5e = kT T

3 10
Wadna 6= D;t«_jrar 1\1_; e \g:o )9‘%
5 le=t , iS] :’l_g

le=-t, G:‘%r

le=2 8 =9w

10

K=z, ©=-1IC

o~ 3 _
NQ«.\J ool 0{ f(gmquZQ;c 3 Sx=0

ore of th formn x =B L xstorlyy "”‘“Ji’“”(‘_}g)
: '(,Ga‘l_l‘%_‘,} (,G”('-,—I%—

=) Rocts g2 uy-%of, cm":l_g’, ceﬁ’_g,r/ Q%%‘;I'Ieo%

sz e G=on (-8)

: § [S .
1\\») 157 @ 10X 4+ g =0 N oo = ““‘-‘_gcf
@ ® o LU‘?% 7%3 )"ij.r - u"”—:g e i'fl; b 2 TeDe

5 s W 3T o lT (e I ]
W o/ o Cen SYoT ic o = Voo s



®
Ousdin5

n (:)qu )
@ z =cCo n9)+i§m(n&) —64)

zN. Cvﬂ(v&) +tSmC—~n9)

27 = cos(nB) - 15infb) —(® %Zl > o (- %:3:4@ 6@)-%2)
@) +(®

> 0’(6 Z, = L
2isinn® (A)-(B)

(l) z'n+z~ = 2cos nB

(i) z"-2":

(b)(n)

[L -us '<:][z o (8- k)u],

2, =T-6

e i
Swt% 12 #z.| Fhen o LB B collivess

=2, grmy (m-6) lzt\w_’;(rr 9)]
@

oP, < NOO™ N = Jawyr
: 2 [Ml%r +U>(‘l'{)—]1* \M\é‘l{%(’k—gﬂ | ’

- Z- eslgz o+ cisO (@% (CO> OP":'lC‘ (l.‘f )L :
1 = ld X'l >
=Z - Qws\g&rz + i
(Z())U»(_Qj lLil e (\) :5 oﬁ XOPQ_ = x‘:"ﬂ’- X 2L =2
2> [(HS = 22272 wcTZE 4 Ty
sz 2z 4
oW

('(5) bj lery gw (“)

> LHS= 7_1~17.w333t +1
4

- z'4 2z +l
es

(©) Snee  won —vead FNTE (T in

cw;j z=0
omjueite paine 5 quadabic factors 61 (=1- o> ™o
Z%y = [7- =Ry ][Z = u’s'T_u‘}:] (_z -Ua %‘] Y_Z- [ ?Jﬂ .

= LZ"_ iz‘:lz i ] [214 %z +|]
Waineyb(40)

2" ﬁzﬂ][zj_* 'ﬁz"“]

(CD z_l* 2" L: QAwn 26
G

2541 _ Qwo2B
ZJ.

244 = Az'wn2B
[2+26+ l][z—afzﬁ] = 0z 20520
6+ LZ> + (L]Kné) -ﬁ] - QuslO
[2¢20 w6 |[2ed -Gz 226

Qs © -2 = Les2®

Do & —1 S o2&




Section C

Q6
(a) With RO v, to make the algebra easier taRe mkv
A+
i) mW=—(mg+ mky
dt

dv dt 1 1( k
_ = + k > — = == —
dt (g+k) dv. g+ kv l(g’r k\j

Dt:—%ln|g+k\,1+ G

(t=0,v=u)

1 1, |g+kv
==In{g+k t=—=In
G nor k= == inl kJ

g+kv:
g+ku

— <kt 1 it
Dg+kv=(g+kJ &= vzk[( o k¢ }

x:f %[(g+ ku) € - gﬂ d

e— kt

O

_%[gjkkue"‘t gt}+ G
(t=0,x=0)

Oc = g;—zku

_%{_glku _kt gt}+ g;ku
)2

QED



(ii)

The two particles meet whex = x,

[NB You are allowed to assume the formula of]

ie 9 ;Zku(l—e_kt)—%t: h+?%(1_ e—kt)__gt

u —kt
O—(1-e)=h
(1-e)
Dl_e_kt—% —kt_l_ﬂ(_ u- hk
u u u




(b) ()
(ii)

(iii)

d dv_ 1
ma= miZ=-( P+ Qi)= & ¥=-—( B Q)

fP=0then®V=_Qy_ dx___m

dx m dv Q\

If we transform the problem so that we takedistancetravelled
being fromx = 0 (whenv=3U/2) tox = D (whenv=U) then

dde I e _m UE’
Q Yy
DD:[_EM <D Y |- 2] 03]
Q Q || Q \3) Q2
? 2
QED
If P>0then$/——[ P+ szjzﬂx_ mv
dx mv dv P Q¥

If we transform the problem so that we takedistancetravelled
being fromx = 0 (whenv=U) tox = D (whenv =0) then

® dx ° mvdv m(° 2 vdv
—dv= J dx=- -
o dv L P+Q¢  2Q), P+ Q¥

o=~ 55 [P+ e[, =~ o] G5

_ﬂln( P+ QUzj
2Q P

:—In£1+9U2j
2Q P
:/Hn(1+ kUZ)

Q

where A -m andk ==<
2Q P

QED



Q7

(i)

(ii)

(iii)

(iv)

By Pythagoras’ Theorem
2a 4a® = BW? + a°
0 BW? = 332
oW 0 BW=+/3a
a
Since ABWF|||AVUF
VU _UF h  x
D = = =
BW FW J3a b
Jpo 3
b
Since ABWF [[AVUF theny =YY 0
BF BW ./3a
BV = BF- VF
ABLM [|IARFS then2¥. = tM _, BF-VF_ LM
BF RS BF a
p-YF_M_ . h _M
BF a \/éa a
ax/3
01- b = LM LM :1—§:D
J3a a a b b
a(b-
om =2(b=%
b
QED

Clearly whenx = 0 thenPQ = aand wherx = b thenPQ = 2a, so given

the linear relationship d?Q in terms ofx then

PQ-a=

Alternative solution

\ e

2273, 0)= F>Q:—Zl X+ ¢
PQ=a+2a

al _X _a

S -2 59 =2

a2 b AT



Area of slice is area of trapezilkthMN and rectangl&NQP

1 ax\@ a(b- x)+§x+a
2 b b

KLMN =

_a x\fs
b
KNQP= aX(E X+ aj: é(i(+1j
b b
So cross sectional area is given by

a X\/é (b+1j

_a x\/§+a2£x+ b]
b b

az[x(1+ \@) + b}
b
:%Z[X(H@,)m]
So the cross sectional volume—Es[ (1+ \/§) + b}Ax
So the volumey, is given byj %[ (1+J§) J

—f[ x(1++/3) +b}bdx
{(1+\/§)—+bx}

0

[1+@ —+b2}

cr|QJ

‘ R

b 3+\/§)

N

[NB This is not a solid formed by rotation, goshouldn’tappear in the

answer!]



Q8

(a) Method 1 Method 2
1+}_f':_1+_1_ 4 (\/5—\/5)220:>a+b22\/a:
a b t a b athb 1 1 L 2

_b(a+tb+aat h-4ak | O < = >
= ab(a+ b a+tb” 2J/ab Jab at+b
1 1 2
a’-2ab+ ¥ Also = +=>——
= a b \/&)
ab(a+ b 11 2 _ 4 4
So—+=->—2> =—
_ (a-b)’ a b Jab atb t
ab(a+ b
>0
gl,1.4
a b t

Method 3 (reductio ad absurdujn

Assume1+}<fr
a b t
a+b 4
< —
ab t
O(a+b)’ <4ab (ct=a+ i

O(a+ b)2—4ab:( a— l)z <0

This last statement is clearly a contradictiorkag 0,k O R

So the original assumption was false



(b)

(i)

(ii)

(iii)

The total number of different outcomes:

The first book can go in any afboxes, so there is a total of
different arrangements.

If there are to be no empty boxes, then the firsklm@m go in any
of n boxes, the next book only has-1 boxes and so on. A total of
n!

|
So the probability of no empty box%’—
n

For exactly one empty box, one box must have 2 books i

So we have to pick the empty box, this can be donenays.
Then we have to pick the box to have the two books cin be in
done inn-1 ways.

Then we hav{gj ways of picking the two books that will go in

the one box, leavingn-2)! ways of arranging the other books.

A total of nx(n—l)x(gjx( n-2) !:[gj n
i

With n+1 books to be distributed, this can be donait ways
because the first book hadoxes, the second book hraboxes

and so on until th¢n+1)" book.

With no box to be empty, 1 box must have 2 books in it.
We can choose this bookinvays. We can choose the 2 books in

" n(n-21)n! _ (n-Ln

So the probability i
P Y 2n" 2n™t

o

+1
(nz j ways. The remaining books can be distribute¢hinl)!

ways.

n+1 n+1
A total ofnx( ) jX(n—l)!z( 5 jn! ways.

n!

)
! !
So the probability is 2 ) o Nn+D!_ (n+1)!

nn+1 2nn+l 2nr‘l




(iv)  With n+2 books to be distributed overboxes this can be done in

n+2

n""? ways.

If no box is to be empty there are two cases:

Casel: 1 box has 3

books in it;

Case2: 2 boxes have 2 books in it.

Casel

Case?2

Pick the box to have 3 books, th
can be done in ways.
Pick the 3 books, this can be do

in n+2 ways
3 yS:

The remaining books can be
distributed in(n—1)! ways.

n+2
A total of( 3 anx(n—l)!

|
ie m ways

So a total number o

sPick the 2 boxes to have the 2 books
n
Lthis can be done iEJ ways. Pick

2 books to go into the first of these
(n+2
boxes i 5 ways, then two

books to go into the second box ie

nWaS
2 ys.

Then the remaining books to be
distributed in(n—2)! ways.

2
n n+2
A total of X x(n-2)!ie
2 2

n(n-1)(n+2)!

ways
3 y

an(n+ 2)H 3n(n—1)(n+

gn+2)! N n(n-1)(n+ 2)!
6

ways ie
3 y

2)!_n(3n+1) (n+ 2)!

24

ways
24 Y

So the probability is

n(3n+1) (n+2)!_(3n+3) (n+ 2)!

24nn+2

24nn+l
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Let 0S=2x, then1Q =180- 2x (PQRSIs a cyclic quadrilateral)
Also ASDC is isosceles, sal SCD=90x.

0DBC =0 SCD=90- » (alternate segment theorem)

Similarly ASDC is isosceles, sal QAB= x.

Similarly O BCA=[ QAB= » (alternate segment theorem)

So OCXB=90° (angle sum of triangle)
0 AC O BD QED

() (i)

NOT TO SCALE

Lemma The midpoints of a quadrilateral form a paraligbm

Proof: AH:HD= AE: EB=1:1
HE || DB (Midpoint Theorem for Triangles)

Similarly GF || DB= HE || FG
Similarly HG || AC& AC|| EF= HG|| EF.
[0 EFGH is a parallelogranQED

~+AC0 BD, HE||DB & GF|| DB and HG || AC& AC|| EF
OOHGF=0GFE=0 FEH=0 EHG=9(°
0 E, F,G andH are concyclic (All rectangles are concyclic)

QED
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